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and anticyclones. Thus, one can see by referring to  my charta 
14-25 in the MONTHLY WEATHER REVIEW of February, 1905, that  
the mean daily gradients can be found only by taking the 
daily means a t  the several levels and computing the gradients 
from them. Gradients referred to  tho summit of Blue Hill, 
195 meters, will be very different from those referred to the 
Valley Station, 15 meters, and the gradients will differ greatly 
for the same day, according to the hour to which the observa- 
tions refer. Much of the divergence in the published gradient 
data from the several countries is clue to an omission to  ap1)ly 
these principles. In the case of the Blue Hill data, the record 
for the Valley Station was usually published only for the be- 
ginning a r d  the ending of n kite flight, and i t  was not possible 
to accurately interpolate the intermediate values from the re- 
port. These temperature data were courteously supplied by the 
observatory to  the %‘eather Bureau by a special arrangement. 

Applying these considerations to  the Rloiint TT’eather Ob- 
servatory, it is evident that  the snnimit station must be sup- 
plemented by self-registering instruments a t  the low levels, 
in the Piedmont country a t  Trt-tpp and Leesburg and in the 
Shenandoah Valley a t  Berryville, Winchester, and Front Royal. 
There is certain to be a dynamic heating and cooling effect ns 
the wind sweeps over the suminit of the Blue Ridge RIountains, 
and the local action of the currents must be carefully investi- 
gated. Furthermore, there is much danger of failing to de- 
duce the correct values of the gradients from the balloon 
ascensions unless the temperatures a t  the level of the couiitry 
beneath them from Bluemont to Washington and Baltimore 
can be secured, and unless the balloons are sent up in about 
equal numbers a t  all hours of the clay and night,. I t  is neces- 
sary to eliminate all the local conditions and the ordinary 
hourly variations before anything like accurate general tem- 
perature gradients can be computed. 

(3) The hei3ht r!f the t l iwr ia l  c o ~ i ~ r r f i o i i e l  dls/!O’hm?Ct’S. -RRIr. 
Clayton seems to have ahsigned 3000 meters as the height at  
which the diurnal variation of the temperature becoines insen- 
sible, but by reference to Table SI11 of his report, it is seen 
that the gradients in the successive 500-meter levels d o  not 
become constant for each month, RS between the day and night 
values given in the first and second sections of the table, till 
the 2500-3000 stratum is passed. It has been my experience 
that the vertical gradients on the New England coast are gen- 
erally smaller than they are in tlie middle valleys of the couti- 
nent, and I ani of the opinion that the diurnal convection 
reaches about the two-mile limit in many regions of the United 
States. Consequently, I hare adopted that elevation as the 
limit in order to secure a system of gradients solnewhat inore 
applicable to  the entire country than those strictly limited to 
the Blue Hill dirtrict could be supposed to  represent. 
(4) T l i ~  in rtwion of te,iip”ef~(r.es.--One of the valuable facts 

brought out in these discussions is concerned with the diurnal 
inversion of temperatures in the lower strata. Except in mid- 
summer when the air is warmed up to  great heights, and the 
ground does not cool so rapidly during the night, there is a 
complete inversion between the surface temperature ancl the 
air temperature a t  a few hundred meters above the ground, 
throughout the day and night, ercept a t  the hours of transi- 
tion, 8 8. m. and 8 p. m., approximately. These air conditions 
are the results of two movements, (1) the vertical convection 
over a station, and (2) the horizontal movement of the cone of 
temperature-fall, which is very rapid from east to west with the 
earth’s rotation. Generally the rising warm air of the dav fidls 
back to the ground outside this cone, that  is during the night, 
and this makes a complete inversion between the day and night 
throughout the 24 hours. The cold temperature by day. in 
the air above the warm ground, consists really of the cold 
night air of the preceding clay, and the warm air by night 
over the cold surface is the warm air of the preceding day lng- 
ging behind in its ascensional and its descensional path. The 

semidiurnal temperature curve, however, exhibits the influence 
of the surface heating and cooling when the convectional cur- 
rents become vigorous through short distances in elevation. 
These remarks may be regardecl as supplementary to  those 
contained in the Blue Hill discussion of the observations. 

It will be seen that these Blue Hill kite observations are 
unusually fruitful and valuable in many meteorological studies, 
ancl we sincerely hope that the series may be extended to sev- 
eral more years, and that other obsen atories will add further 
iinportant data of a similar kind. 

~ 

MATHEMATICAL THEORY OF THE NOCTURNAL COOL- 
ING OF THE ATMOSPHERE. 

I. HISTOIUC’AL 4ND C’CITI(’4L bUlt\ EP OF THE PRORLEN OF THE NOC’TUR- 
N 4 L  CUC)LING CIF THE ATMIOWHERE. 

The problem of t>he cooling of the atmosphere belongs to 
tlie group of the nio4 important, yet extremely clificult, prob- 
lems in iiieteorologj~. The variation of atmospheric tempera- 
ture, for instance, depends not solely upon the solar radiation, 
which varies with the sun’s altitude and the degree of bunshine 
or cloudiness, but, as shown by Fourier, Poisson, Pouillet, 
IIelloni, and others, i t  also depeucls upon the influence of the 
emishion by the earth’s surface, that  is, by the soil, vegetation, 
snow, anil ocean. Even as to the air itself, we have to distin- 
guibli the radiating power of the dry air. clouds, haze, and dust. 

If the lower strata of the air are heated by the solar rays 
anil the emission by the earth’s surface, the heated air tends 
to rise. This results very soon in treinulous anil flickering 
streams, which collect into larger ones. Thus the propLga- 
tion of heat goes on with relative rapidity by the process of 
convection. The conduction of heat from tlie earth’s surface 
to tlie atmosphere also exists, though i t  operates very slowly. 
At the same time, a portion of the heat thus communicatecl is 
lost by R process of atmospheric radiation into sidereal space. 
Again, the influence of the winds and rain upon the at~nospheric 
teiulwrature is  by no means negligible. Thus, it appears that  
i t  is impossible for us, a t  least in the present state of our 
knowledge, to solve the problem by the light of modern mathe- 
matical nnalysis; for even the world’s greatest inatheinaticians 
of the last century failed to so1T.e the problem analyticnlly and 
left to us the so-called Bessel’s interpolation’ formula es- 
pressed by Fourier’s series, which lian been criticized by Wild 
and Angot as too far from representing nature. 

If. however, we have to ileal with the problem of the noc- 
tnrnnl cooling of the atmosphere, or of tlie cooling of the calm 
atiiiosphere during long arctic nights, our problem becomes 
a great deal simpler. At night the earth’s burface is cooled 
i)y its emission of lieat, into space, and the temperatures of the 
lower lagers of the air fall, and they thus become heavier. 
Therefore convectil e movements cease to  a great extent. 
Other disturbances also are comparatively small during the 
nighttime. Consequently we may consider the nocturnal cool- 
ing of the atmosphere as dependent only upon radiahon and 
conduction of heat between the atmospheric strata and the 
earth’s surface. 

One of the first who observed the cooling of bodies exposed 
during the night in the open field, under a clear sky and calm 
atmosphere, was Patrick Wilson. of Glasgow. His observa- 
tions? were macle about 1783 by means of two therinometers, 
one placed on the snow, the other freely suspended a t  the 
~ _ _ _ _ _ _  - 

’This formula is 
e=P,,+  sin (~f+O,)+A,sin(’TT2t+O~)+ . . 

where T =  periodic time, es1jresst.d iu terms of hours. 
On, = mean tPmlierature of the day. 

Vol. I, p. 153. 

f time reckoned in hours. 
A, ,  A?, A, .  OI, QP, $ , etc., are constants. 

PEdinbwgh Phil. Trans. 
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height of four feet. On one of these nights the lower ther- 
mometer, under a perfectly clear sky, marked -21.7’ F., while 
the other marked -15.0’ F. The difference of six degrees 
diminished rapidly when clouds appeared on the horizon and 
entirely vanished when the sky was completely covered; the 
two thermometers had then the same reading, -13.7* F. 
Wilson was also the first to show that  the effect of the radia- 
tion of bodies toward the sky is sensibly the same a t  all tem- 
peratures; so that  in nights equally calm aud serene the same 
substance is always cooled to the same extent, whatever may 
be the temperature of the atmosphere. 

Some years later Six3 found that  a thermoiiieter placed oii 
the grass of a meadow during calin and clear nights continued 
several degrees lower than another perfectly similar ther- 
mometer suspended a t  the height of five or six feet. the dif- 
ference between the two amounting sometimes to 7.5” F. 

At the beginning of the nineteenth century, Wells‘ perforined 
a long series of experiments on the nocturnal cooling of bodies, 
by placing thermometers iu contact with the ground and leaves 
of plants, or by enveloping them with wool, cotton, and other 
substances. These thermometers, placed a t  a small distance 
from the earth’s surface, gave a fall of 4.5” F. and even 7.8” 
F. below a thermometer without any envelope suspeiicletl a t  
the height of four feet. 

The esperiments of Wells were repeated by many observers 
and notably by M. Pouillet5. He inserted one of the ther- 
mometers into swans-down contained in a vessel placed 011 the 
ground and left the other thermometer a t  the height of four 
feet. The lower thermometer, on certain nights, fell S” or 9” 
F. below the upper one. 

I n  1847 M. Melloni read to the Royal Acadeiny of Sciences 
a t  Naples a memoir6 on the nocturnal cooling of bodies es- 
posed to a free atmosphere in calm and serene weather ani1 
on the resulting phenomena near the earth’s surface. This 
interesting paper tells us that  Melloni, on snme September 
nights of 1846, in the valley named La Lava. situated between 
the cities of Naples and Salerno, attempted to compare the 
radiation of lampblack, metals, and other substances, such as 
sawdust, leaves, and vegetable earths, exposed to the nocturnal 
influence of a serene sky. He came to the conclusion that the 
cooling of a black thermometer is owiug to radiation, ancl not 
to  the contact of the external air, ancl that the radiation of a 
metallic thermometer is so feeble as to escape direct observa- 
tion, and also that the emissivity of the earth and vegetable 
substances did not seem to clifl’er much from that of lamp- 
black. He also convinced himself of the fact observed by 
Wilson, that a body exposed during the night to the influence 
of II sky of equal clearness and calmness is always cooled to 
the same extent, whatever may be the temperature of the air. 

All these investigations on the nocturnal cooling of bodieR, 
which are directly related to the problem of nocturnal cooling 
of the atmosphere itself, have, however, been purely observa- 
tional. For  the first formula of nocturnal cooling we are 
indebted to Johann Heinrich Lambert, of the Academy of 
Berlin. In  the latter part of the eighteenth century he pub- 
lished his celebrated work “Pyrornetrie,” and in it he has 
given the following formula: 

in which 8, is the temperature of an enclosure and t the time. 
A and b are constants. This formule is called the Logarithmic 
Law of Cooling. 

Prof. A. Weilenmann, of Zurich, applied Lambert’s formula 
to  the study of the variations of atmospheric temperatures a t  

0 = 0, + Abt (1) 

3Sis’s Posthumous Works. Canterbuiy. 1794. 
‘Ann. de Chimie et  de Physique. Third series. Vol. V. 
6 Pouillet, Elements de Physique. Fourth edition, p. 610. 1844. 
6Annales de Chimie et  de Physique, 1818. 
7 For the sake of convenience, I shall use hereafter the  following uni- 

form notations: 

eight different places, and found that the value of b is almost 
constant for different localities, viz, (0.86-0.88). M. Alfred 
Angot,’ of Paris, computed the value of b for all months of 
the year from the observational data of the nocturnal tempera- 
ture a t  Paris. He found the mean value of b=0.87 for clear 
clays ancl b=O.SG for cloudy days. Angot adopted O.SG9 as the 
general mean of the values of h, and transformed Lambert’s 
formula into the following form: 

in which t=O is for sunset. 
O=O,+--l x O.SG9‘ (2) 

O= o,+ A x O.SGV= //,+-I ( ( , - 1 ~ 3 y  
= o,+ d +’- 1Gt. 

For t= m, e-.143t=0 and / / = / I , ,  and for t = O ,  -4=0,-0, 
where 0, is its initial temperature. 
mula takes the form, 

Therefore, Lambert’s for- 

(3)  //= I )  + (0 - // ) e-J4st. 
1 0 1  

Differentiating this formula, we have for the rate of noctur- 
nal cooling, 

30 a t - d b t l ~ g  ~- b = - - . l 4 0 5 ~  BxO.SG9t 

or (4) 

In  1872 Weilenmann introduced in his memoir: “Ueber 
den tiiglichen Gang der Temperatur in Bern,” the following 
differential equations : 

where 0 is the temperature of the air, O’.rdj that  of the earth’s 
surface, /Ii that of an imaginary upper stratum toward which 
the racliation of the earth’s surface is supposed to take place, 
and IL the emissivity of the earth’s surface. Solving (5)  and 
( 6) si~nultaneously, TITcilenniann fount1 that, taking (Ii as con- 
stant, 

(7) //= /), + c & I . W h t +  ,:,e- 2.6lf iht .  
I 1 .  

Then he computed the value of c2 by applying the above 
formula to his observational data, and found that it is a very 
sinall number. Therefore the foriiiula (7 )  reduces to the final 
equation, 

which is identical with Lambert’s formula, for Weilenmann 

Temperature . . . . . . . . . . . . . . . . . .  H H ‘  

Iuitial t.empera@re . . . . . . . . . . . .  fl,) tl’, 

Conductirity . . . . . . . . . . . . . . . . . .  k k’ 

(8) (I= I/. + c ,J-(’.w:Jit 
I 1  

~. ~~~ ~. .  ~ 

Fur uOnmph+~re. Ft,r I trrlh. 

Temperature of lowest stratuni . . O1=!l 

Emissivity or coefficient of ra- 

H ’ , = o  . .temperature of earth’s 
surface. 

diation . . . . . . . . . . . . . . . . . . . . . .  G n* 

, “_  k’ n - -  k 
,IC I I ‘ C ‘  

Diffusivity.. . . . . . . . . . . . . . .  ~~ = u* 
I -  , -  

. . . . . . . . . . . . . . . . . . . . . . .  Pensity p P’ 
Specific heat . .  . . . . . . . . . . . . . . . . .  c C’ 

E 

E’ 

p ,  

H0 = initial temperature. 
H,U = mean tenq~erature. 
Hm,,, maximum temperature. 
On,,,, = miuinium temperature. 
u PSCPSS of temperature. 

-time. 

ture  ale Paris.” 

= height of the  stratum of  invariable temperature in the air, 
I depth of  the stratum of invariable temperature in the earth. 
= temperature of imaginaq athwmanous stratum = sidereal tem- 

perature + ripper atniospheric temperature. 

- 
8 

Auuales du Bureau Central, 1888. 
0 Schmeixerische Meteoroloyische Beobachtungen, Bcl. 19, 1873. 

Influence de la N6bulositB s u r  la Variation diurne de la Tempera- 
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adopted .375 for the value of h. I n  his memoir he has finally 
shown how very closely his formula represents the natural 
phenomena of the nocturnal cooling of the atmosphere a t  
Bern. 

In the very beginning of his analysis, however, Weilenmann 
introduced a serious error by using the aame coefficient h 
throughout in (5) and (6). In  (5) h is evidently identical with 

- in our notation, where ry  is the coefficient of radiation of 
PC 
the atmosphere,p the density of the air, ancl c its specific heat. 

In  the formula (6), however, h means 2 where 6’ is the emis- 
sivity of the earth’s surface. Hence, we see a t  once that 11 in 
( 5 )  and in ( 6 )  can not be the same. 

The problem was nest attacked bg Samuel Haughton, the 
Irieh clergyman and scientist. I n  1881 he published in the 
Transactions of the Royal Irish Academy two noteworthy 
papers under one title, “New Researches on Sun-heat and 
Terrestrial Radiation and on Geological Climates”. I n  the 
first paper he treated the problem of the solar insolation and 
atmospheric radiation, adopting Rosetti’s law of cooling’”. 
The second paper has a direct connection with our problem. 
Empirically he came to the conclusion that  a t  a temperature 
not much above (II radiation is proportional to 0-0 , ;  but a t  a 
temperature very much higher than 0, radiation increases faster 
than this difference, and may be best represented by a para- 
bolic curve, having its asis vertical and its vertex a t  the 
origin, viz: 

U 

ry’ 

where n = 2.01 and 11 = 4.25 for the month of January, which 
values were obtained from the mean of the 35 years of oh- 
servation. He also reached the conclusion that  nocturnal 
cooling is well represented by Newton’s law. In  this paper, 
however, Haughton adopted for the value of Oi the lowest at- 
mospheric temperature fj,,,i,, just before sunrise, because he 
thought that radiation must cease a t  that time. It appears 
that he followed the following argument: 

where K is a constant. 
When @ becomes a minimum, 

whence 
1) . = 0.. or 

But the integrsl curve of (10)  is logarithmic and has no mas- 
imuln or minimum point. Therefore, there is no point a t  

Ii ( I ) , , , ~ ~ -  0, ) = 0, 

WID 1 

which 

In  1884, Prof. William Ferrel, the first and the greatest 
theoretical meteorologist, publishecl a memoir” on “The Tem- 
perature of the Atmosphere and the Earth’s Surface” and 
later introduced it into his “Recent Advances in Meteorology”. 
In  them he treated the problem of the nocturnal cooling of 
the earth’s surface and of bodies near it. Applying Petit and 
Dulong’s law of cooling to his analysis, Ferrel obtained for 
the nocturnal cooling of the earth’s surface the following 
formula: 

~ = (0- Bi)  ( , I @ -  p) .  d e  

stants, and 13 is very small. 

- = - B ( fl+ 
at  

~ -~~ 
~ 

1OThis law is expressed by the  formula 

13 =ahsolute temperature; a and p are con- 
at  

ae 
From this Haughton deduced 

where 0 and F) are expressed in degrees Fahrenheit. 

Professional Papers of Signal Service No. XII. 

where 
O ’ r = , )  = temperature of the earth’s surface. 
(la= temperature of atmosphere a t  4 feet above the 

= mean sky temperature, viz, the temperature of the 

= 1.0077 one of Petit ancl Dulong’s constants. 

earth’s surface. 

imaginary atlieriiianous stratum. 

6’ = emissivity of the earth’s surface. 
1: = rate at which heat is ra;liateil from a unit sur- 

face of maximum emissivity, or of lanipblack. 
ij rl, 

The expression is the rate at  which a unit of earth‘s surface ilt 

is losing heat. According to this formula, a t  fiqst is com- 

paratively large, but it gradually becomes less as the upper 
strata of the earth cool, but  it never entirely vanishes. 
Therefore O,-O, IS the theoretical limit, to which ( ~ ’ l = , l - O s  

approximates, but can never quite reach, as -~ becomes small- 

er. This applies to the nocturnal cooling of the earth’s sur- 
face, but i t  is to be regretted that Ferrel never touched the 
problein of the nocturnal cooling of the atmosphere itself. 

Perhaps the most valnable contribution to our subject was 
iiinde by Dr. Jules Maurer, of Zurich. Some twelve years 
after his countryman, A. Weilenmann, published his paper, 
Maiirer dealt with the problem in a more anal: tical manner, 
and  published the two important papers bearing the titles 
6‘Ueher die theoretisuhe Darstellung des Temperaturgangs 
wnhreiicl der Nachtstunden and die Chime tler von der Atmos- 
phire ausgestrahlten Wirmemenge”” and ‘.Temperaturleituling 
und Strahlung der ruhenden Atmosph?~re”’~. The first paper 
offers 11s some valuable formnlw and data; in particular he 
mas the first to give us an approximate value of the coefficient 
of radiation by a cubic centimeter of air, which amounts to 
.007 x 1W cals. per minute. This Maurer deduced from the or- 
dinary meteorological observations of the temperature of the 
atniosphere at nighttime, as given by the ordinary scree~icd 
thermometers. Maurer finds indications that  this coeffici it 
is larger in summer and smaller in winter. 

&1y careful esamination of Doctor Maurer’s memoirs, Iiow- 
ever, has revealed to me that he committed a serious mistake 
in his attempt to deduce an analytical formula for nocturnal 
temperature. He took advantage of Weilenmann’s first 
equation 

ilt 

i, r;, 
01 

0 1) ry a t = - , , .  (‘1 - / / ’ r = o )  

with which he cleclucecl the formula, 

( I =  ~ , + c , e - ~ l ‘ + c , e - ~ ~ ‘  ( 12) 
where c, ancl cp, I* ,  and up are constants; 
which is the first root of 

is a function of wI 

(13)  
fT’ E ,  tan (0 + LO = 0, 

where E‘ is a depth below the earth’s surface a t  which diurnal 
heat waves are mpposed to vanish. 

But if we refer to Riemann-Weber’s Partielle Differential- 
gleichungen, Bcl. 11, $ 52, we can a t  once see that this tran- 
scendental equation was obtained by Maurer from Fourier’s 
surface condition for secular cooling: 

I! Amalen der Schweiz. Meteorolngischen Centralanstalt, Band SUI. 
1885. 

Meteorologische Zeitschrift, 1S66. 
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or 

This surface condition presupposes that 8,=,, the tempera- 
ture of the lowest strata of the atmosphere is constant, and 
that all heat conducted from the interior of the ground upn-arcl 
is radiated immediately by the surface that  is esposecl to the 
air of constant temperature. Hence, Manrer’s solution can 
not be true ancl can not accord with the actual conclitions of 
the problem. I n  his second paper“ RIaurer introduced an 
erroneous integral of the general cliberential equation l5 for 
heat conduction and radiation, 

(15) 
a u  I? D’u D 

a t  - p c l 3 x z  [ I C  
16 -- -- ~ 

where ZI  = 0 - O,, and D is the coeficient of radiation. 
Another important p a p e P  on the subject was published in 

1692 by Dr. W. Trabert, formerly of Vienna and now professor 
in Innsbruck. The interesting feature of this paper is the 
estensire computation of the value of Weileniuanii’s b for 42 
stations of difierent localities and different elevations, a d  he 
found the value of D to  be .0077 x lop5, which is very near that  
of Maurer. Further, he has drawn the conclusion that the 
value of D is independent of tlie temperature and density of 
the air, ancl that  the radiation of a unit inass of air is simply 
proportional to the absolute temperature. 

In  1900. Dr. K. Nakamura, Director of the C‘entral Meteor- 
ological Observatory of Tokio, read to the Internationd Con- 
gress of Meteorology in Paris a short paper eiititletl ‘‘ Sur la 
March Diurne de la Tenipernture de  l’dir”. The chief feature 
of this paper was an attempt t,o represent cliurnal teiuperature 
by a formula advanced by tlie author. His equation f u r  the 
nocturnal cooling is- 

(1G) 

Preceiving that 0, in Newton’s formula is not constant, Profes- 
sor Nakamura sub~titutecl f u r  i t  in Newton’s law the expression 
(1, -21 sin t - -Q cost, where //,, ]),and p are constants. The es- 
pressions sin t and cos t are, however, open to criticism, since i t  
is impossible to take the sine and cosine of a t,iine. Therefore, f 
must be multiplied by such coeficients as will transform t into 
an angle. 

It will be of some interest here to mention von Bezold’s im- 
portant memoir ” on the heat exchange a t  the earth’s surface 
and in the air. Tlie ground accumulates solar heat in suiii- 
mer, and gradually loses the stored energy in winter, so that 
there is  a heat exchange during the year. A siinilar process 
occurs during the day ani1 nighttime. According to von 
Bezold the heat content of the soil per unit area down to the 
depth E of uniform temperature is 

where 0; is the initial temperature and 0’ the ifioineiitary tem- 
perature a t  the clepth of L and c the heat capacity. E’ is the 
depth of the invariable stratum. The cliflerence of the wax- 
imnm and minimum values of the above integral is the amount 
of heat exchange. Dr. J. Schubert la extended von Bezold’s idea 
still further. He applied the above principle to the heat es- 

l4 Meteorologische Zeitschrift, 1886. 
1: This differential equation and Maurer’s second paper will be discussed 

16 Der tigliche gang der Temperatur und des Sonnenscheine auf dem 

17 “Der WBrmeaustausch an der Erdoherfltiche und in cler AtmosyhAre.” 

18 Der Warmeaustausch in festen Erdboden, in Gewassern u. in der 

~~ ~~ . _  

later. 

Sonnhlickgipfel. Denkschriften der Wien Acad. Bcl LIS. 

Sitzb. der kgl. preuss. Acad. d. Wiss. 

Atmosphlre. 1904. 

Berlin, 1892. 

change in  the atmosphere and on the ocean. 
phere the heat content is 

For the atmos- 

J cp(”-”o) ax 

or introducing air pressure b 

1.36 c fG-oo) d b. 

0.6 x 1.3Gaf(e - eo) d b 

Y 
To this is to be aclclecl 

760 

0 

where c is the height of the stratum of invariable temperature 
in the atmosphere and e is the specific humidity of air. Schu- 
bert cleclucecl the annual heat exchange in sandy soils, stmos- 
phere, sea mater, etc., and considered the eflect of the earth’s 
surface and  ocean upon the temperature of the atmosphere. It 
mill be interesting to apply these formulse, or improved ones, 
if such be pobsible, to the study of daily heat exchange in the 
earth’s surface and atmosphere. 

Finally, I shall here add the titles of some memoirs and 
articles that  bear some relation to  our subject. 

Fourier, ThGorie Analytiqoe de la Chaleur. 
Poisson, TIiGiirie I Ia thha t i i lne  de la Chnleur. 
Poisson, RI6moire sur Irs Teml4raturo de la Partie solide do globe, 

Eilmond Becqrierel et Henri Brcquerel, I15nioire s u r  la Temperature 
1879. 

J. (;laisher, On the Railiatiou of Heat at Night, from the Earth, etc. 

H. Henupssy, On tlie Distribution of Temperature in the Lower Region 

H. Wild, Ueber die Bodentemperatur in St. Petersburg und Nukuss. 

H. Wild, Die Differenzen der Bodentemperatur, etc. St. Petersburg, 

C’. C. Hutchins, Radiation of Atniobpheric Air. Am. Jour. Sci., Vol. 

Cleveland . ~ I J ~ P ,  AtmosIlheric Endiation of Heat and its Importance in 

Frank Very, Atmospheric Ra4liation. Weather Eureau Bulletin. 1900. 
Paul Chnipan, E+ai sur le Rrfroiclissant de l’dir et sur les Lois du 

H. A. Watson, Convection of Heat. Camlridge Phil. SOC. Proc. April, 
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11. A IbI.4THEN’ATICAL THE1)RY O F  THE NOCTURNAL COOLING O F  THE 
ATMOSPHERE NEAR THE EARTH’S SURFACE. 

Herinann von Helniholtz atteinptecl to prove in his famous 
1 ~ e m o i r ’ ~  ‘Weber Atmospliiirische Bewegungen” that by means 
of continually effective forces, there are formed in the atmos- 
phere surfaces of dimontinuity ; that is to  say, atmospheric 
strata of diRerent density and temperature can lie contiguous, 
oiie above another, with a well defined surface of discontinuity 
between them. Recent meteorologists appear to reach the 
smie conclusion by their 11alloon observations and kite esper- 
iments. In  my iuathematical analysis, however, I assume 
that the c : h i  atiiiospliere is composecl of an infinite number 
of very thin layers parallel to the earth’s surface, that each 
stratum possesses the same temperature throughout, and that 
heat conduction, and radiation take place in one dimension 
only, viz, vertically. 

Then the general equation for the nocturnal cooling of the 
atmosphere may be written as follows: 

an x- D’U D 
- ( l M l i ) ,  a t  - p P a L = - f ~ c  

- -  

19Sitzl~. der kgl. preuss. Akad. d. Wiss. 1888. Alsotranslated by 
Abbe. Smithsonian Institution. 1891. 
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or  
88 d ' 8  al = a'- -b' (0-8,). 

OX' 

In addition to  this there are two boundary conditions: 
(a) For x = 0, or a t  the earth's surface, 0 is directly in- 

fluenced by the temperature of the earth's surface; 
0 =.f (0')  or there may be formed some equation like 
Fourier's surface condition. 

( I ) )  For x = E, or  a t  the stratum of invariable temperature, 
os 

say 30 metres (after Wild), - = 0. a t  
In integrating the differential equation (1) there are a t  

least two difficulties. The first is that  we do not know what 
functional relation exists between t],,,, and The second 
difficulty lies in our ignorance of the teniperature gradient in 
the air or the nature of the function I )  = f ( s ) ,  when f = 0. 

Maurer and Helmholtz have shown us how estremelv insig- 
nificant is the effect of heat conduction upon the temperature 
of the atmosphere. Assuming that the temperature of the 
lowest stratum of the atmosphere is of simple harriionic type, 
Maurer used a particular solution of the differential equation 

namelv 

( 3 )  

where T i s  the period of temperature variation ant1 d it,s a m -  
plitude. Substituting (3) for in equation (8), we obt,ain 

Hence the rate 1 1  at which heat is prop:qpt,ed from m e  stratum 
to another must be 

(4) 

Then Maurer took twelve hours of nightt,ime as a unit and 
for a* adopted Stefan's value, *O which is 0.18 for one second. 
Hence for the half clay, we have 

Therefore the rate of heat conduction 
u =  2 ~ T ~ 0 . 1 8 x G o x 6 0 x 1 2  = 3.1metersin twelvehours. ( 5 )  
Hence Maurer concluded that a t  this distance above the earth's 
surface heat waves disappear if the amplitude of heat waves 
at  the surface does not exceed 10" or 20' and that  the influence 
of nocturnal cooling of the earth's surface upon the tem- 
perature of air that is not very near to the earth's surface 
is inappreciable, so far as heat conduction is concerned. 

na = 0.18 x 60 x 60 x 12 ( gram. x cia.-* x 4 clay -I). 

Let u s  now integrate the equation (8) for thermal concluc- 
tion of the atmosphere in one dimension, 

under the two conditions 
(a). . . . 11 = 0, for .I: = 0, or the temperature of air on the earth's 

( b )  . . , ~ = 0, for :r = H, or the vertical gradient of teinpera- 

ture is zero a t  upper boundary surface of the atmos- 
phere. 

?OIn his memoir (Wen Sitzb, vol. 34) Stefan obtained for the value of  

surface is 0'. 
D 0 

OX 

the diffusivity of the air 

k But up= ~ 

stant pressure, and c, at constant volume. 

and not ~, where cp is the specific heat of the air at con- 
CrP C V P  

A particular solution, which satisfies (a) ,  is 

In order that  this solution may satisfy ( b )  also, we must have 
B = A4e-n2n*f sin (u 5). 

whence for t = 0, 

~n orcler that e - 6 k t  may be equal to +, we must have 
ap 
4HY 
- f = log? 2 = 0.6938, 

whence 

Adopting RIasmell's value for a' and 8000 meters for H, we 
reach the result, 

That is to say, 
t = 36,000 years (npproximately), 

(7) 

From this i t  follows that an interval of 8G,OO0 years woulcl 
be necessary in order by conduction to reduce, by one-half, 
the difference of temperiiture between the bottom and top 
of the atiuosphere. This is the conclusion reached by 
Helniholtz. I n  the above nnalysis, however, we must re- 
nieiiiber that  we assunled that  the temperature of the 
ntiuobpheric stratuin adjacent to the earth's surface is always 

equal to On, the temperature gradient = 0 a t  .I' = H= 8000 

meters, iwd that the whole at,mosphere is of uiiiform density, 

I?= Iz being taken as conhtant. Therefore, Helmholtz's con- 

clusion I U R ~  not apply strictly, but  i t  show!: that  the effect of 
heat conduction upou the temperature of the atiiiosphere is 
extremely insiguiticant, except near the earth's surface. On 
the other haiicl there are indications that RIanrer's estimate of 
the efiect of heat conduction is too large. He supposed that 
the variation of the atmospheric temperature very near the 
earth's surface is of simple harmonic nature and also that 
during the nighttime heat is propagated only by conduction. 
Ratliation was not taken into account. Therefore, i f  we take 
nccount of atmospheric racliation, heat waves can not, reach as 
high as t h e e  meters, but must die away long before they 
reach th:tt height. 

Doctor Wells gives 11s some very interesting information 'I 
on the formation of ice in Inclia on nights when the air does 
not fall to  the freezing point. Square pits about two feet 
deep and 30 inches wide were formed and filled with straw to a 
depth of about eight inches or one foot. On this rows of small 
unglazed earthen pans were plncecl, about 1i inches deep, filled 
with boiled soft water. Evaporation and radiation, acting 
together, cooled the water below freezing, and ice \vas fornied. 
The natives of Bengal mannfnctnre ice in large quantities by 
the practise of this method, '* even when the temperature of 
the air is 16" to 20° F. above the freezing point. Doctor Wells 
pointed out that  as the formation was most successful on calm, 
clear nights, the effect was due chiefly to racliation. This 
clearly shows how slow a i d  insignificant the process of heat 

d It 
0 .L' 

/ I  c 

Tilerefore a?= ".0"00558 ~ 0 . 1 8 1 2  [gin. X cin.-IX sec.-l1. 
c,p-0.23788 x 0.001293 

PI>ping and Thomson, Heat, p. 233. 
x' Nature, January 4, 1872 ; also Ferrel's Recent Advances in Meteo- 

rology, p. 171. 
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conduction is when compared with radiation. Consequently 
we have to deal only with radiation in our problem of the 
nocturnal cooling of the atmosphere, escept when the ntmos- 
pheric strata very near the earth's surface are considered. 

At first thought i t  appears that, accorcling to Kirchhoff's 
lam, any radiation from a inass of air may be of such aquality 
as to be iininecliately absorbed by the adjacent air in passing 
through it, and therefore can not escape into space, except 
when radiated by the very outermost stratmum of the atmos- 
phere. But the radiation by gaseous matter is rerg different 
from radiation by a solid or liquid. The latter radiates its 
heat from its surface only, but  in the case of a gas every par- 
ticle of i t  racliates into space directly. The experiments on 
radiation of ice and the olJservations of nocturnal frosts show 
that most rays of even sucli low temperatures can pass through 
thick strata of clear ntmosphere without material absorption 'I. 

It is  evident that  the earth's surface a t  nighttime nuder- 
goes changes of temperature by the three processes: 

n. Increase of temperature by conduction from the interior 
of the earth up\varil, that  is, by the amount of 

1 

- -  
b. Increase of temperature by absorption from the lower 

strata of the atmosphere, or  of 
11 (ox=fl- O'#  = , J )  d 1. 

I c. Uecrease of temperature 1 ~ g  radiation toward the sky, 
amountin g to  

Xhence the change of temperature 
- n' ( = ,, -- 0,)  t! t. 

or 

- -  
As we are going to deal with the relation 1)etween the temper- 

atures of the earth's hurface and the atmosphere later on, 
h ( - Nx=fl ) may be dropped oiT from the expression (8  ). 
Moreover, the emissivity of the air is very small compared to 
that of the earth's surface ancl ( o , = ~ - / / ' ~ = , , )  may be insig- 
nificant. Then we have 

For the interior temperature of the earth, 
fi / / I  i,' 0' 

i) t d J  
= f / ' z  * 

These two equations determine the temperature of the earth's 
1 surface. Putting u r Z u  = //', - ancl I i  = 1)' - o,, equations 
~ ($1) ancl (10) become 

I n  these equations . I*  has been coiinted positive clownward 
from the earth's surface. By observations, we know that there 
is a certain depth, say .r = :', where there is no effect of the 
daily change of temperature a t  the surface, ancl uuch a layer we 
call the stratum of invariable temperature. Now let us measure 
.E from this stratum upward. Then the equations (11) and ( l a )  
become 

i ) i /  ,., I /  
i )  ~ - a - r,, . _ -  

0 .I 

I n  addition to  these, there enters the boundary condition, 

(15) 

(16) 

i ) U  
il I = 0 for z =  0. 

Now the expression 

is a particular solution of the differential equation (14) and 
satisfies the condition (15) also. 

+,-A.!t sill / . p  

Substitute (16) for u=,#in (13) ,  nucl we have 
-a '*  /? sin I s ' = x ' I  COS l s ' - r ~ '  sin ).:I 

(6'- 0'' P) sin A:' = X' 1 cos k'. 
1IJ 

Let 1IJ = A T '  or 1. = , , then 

(17) 
1,' (,I E'  

,i'<' - u'l (,,I . tan (I1 = ~ -~ 

The trnnscencleiitnl equation (17) has an infinite number of un- 
equal roots; let them be denoted by wl, wg, U J ~ .  etc. 

Then we have. for the general solution which satisfies our 
conditions, the following espressioii : 

= A, T ~ T ~ * ~ ~ ~ ~  sin (0,  + -4, t j -  

= / I ,  + A ,  +,-( t , )"c l  

w, - , (y?,,,: / sin l IJJ -t . . . . 
W I  - ," (:J)?"q sin w1 + -4; 6,- sin W :  

(18) 
- ( c p ?  + -4, e sin l o j  + . . . 

If we take the first term of (1s) for the f i r b t  approximation 
("1 - ,, 

= //, + A,  cJ-(T)"*f- t  sin to1. 

Differentiate this with respect to  t ,  after taking logarithms, 

log ( / / ' I = c ,  - 0, )  = log + log sin iu, - (a>... t 
(1 #'r=c  - - (;;) p(L,' (1 t 

whence E;],=*, = - ( ! " n "  H , )  (19) 

olj - (O', = e ,  - 
~~ 

which is the first approiimation to the formula for the noctur- 
nal cooling of the earth's surface. 

We may assiime that the nocturnal cooling of the atmos- 
phere near the earth's surface is caused principally by the 
cooling of the latter. Then we have the relation, 

il n 
(30) ~- - - fJ* ( / I  - 

Now if we solve (19) and (PO) simultaneously 
0 z //',-t! + ] I P - h 2 l  

/ I z = * ,  = #, + '1'' - ( ' : ! ) - ( 1 ' 2 /  

// = // +I,'-*-' +p-( , r ) h r z /  

whence 
W I  - >  

- 1' (21) 
01' / I  (/+ p-;/ +ye r y p 4  
where OJ, is  the first root of 

(22) 
I ' U J  S' tan (0 = ~ - ~ 

r ' " ' - ( , ~ L t O Y  , =  

1)  a d  q may be easily cleterminecl. 

Putting 
I ,3= ba = ? 

p f '  

- X' 
i l l =  (;:) p 

(21) becomes 
u= #,+]If -- @(+ +ye-4. 

If t=o, //=//,J 

. .. o,,= 0, +p+ y 
/ ) - # = J  0 , 1 + t i *  

(33) 

(24) 
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Differentiate (23) with respect to 1, 

-all - -,?],e - p t - u  11 f e . 00 
at 
-- 

If the initial rate of cooling is represented by r ,  the last equa- 
tion becomes 

(25)  

By solving (54) and (25) simultaneously. we obtain 
I* ( 0  - 0 , )  + 1' p = 1 0 -  - 

(1, -$ 
S ( / I  - / I l )  + r '1= L. -u - . 

,s - (1, 

Hence our equation (23) becomes 
II (0 - - o ) + r  -e/ , 3 ( /10 - / I , )+ r  --a,/ o=o+ L l U - 6  t' + ~ c ( 2 6 )  

fl,  - J  if- ( I ,  

or 

and 

The equation (27)  represents the rate of cooling of tlie atiilos- 
phere a t  night under our nssuiuecl coliclitions wliich closely 
approximate nature in the teiuperate and tro1)icnl zones. 
For t = 0, we get [:/;I /=,,= I'. 

These equatioiis take the sniiie foriii :ts Maurer's ecliiations, 
1.',a :' 

, / < ' X - , [ ' l  u,- 
but my transcendental equation is tan W =  - ~ ., wl~ile 

h ' c u  Maurer's is tan (0 = -,-? which was deduced under the erro- 

neous assumption pointed out in iiiy first pa1)er. 

we niay be able to express 11 in the following series: 

6: 

If we take more than one root of the transceiicleiital equation, 

These equations (%), (27), (5%) represent the noctiirnal vari- 
ation of the temperature and the rate of the nocturnal cooling 
of the atmosphere near the earth's surface. It is R1)1J&'elit 
from these equations that both the temperature variation aiitl 

the rate of the cooling depend upon the coefficients, d r  = , , . 
the diffusivity of the earth, n', its emissivity, n, the rncliatiii~ 
power of the atmosphere, 11, its density, and c, its specific heat. 
and also c' ,  the depth of the stratum of invariable temperature 
in the earth. These coefficients iiiay vary with the cliange o f  
temperature, but, as the nocturnal variation of temperature is 
comparatively small, they nmy be supposed conStant, wliich I 
believe is approximately correct. 

x, 
/ I  ( ' 

Nocturnal cooling and temperature variation also depend 

Approximate values of physical constants: 
upon 0, and 1'. 

I '  
u"-  - ,=0.50 gr. cni./miii.=30.00 gr. cm./hr., for earth [Wild]. 

/ I 1 ( .  

k' = 0.30 g m .  c~./tuin.=lA.OO gr. cm./honr, for earth [Wild]. 
t i '  = 0.OOtigm. cni./niin.= 0.36 gr. cni./hour, for earth [Stefan]. 
.' = 11ueter. [ Wild]. 

v = z, = 0.13 gr. cm./hour, for air. [Maurer]. 

There is iuiicli to be snit1 nl)out these phj  sical constants. 
None of these values, given above or elsewhere, can be trusted 
nlJsolutely. They await more accurate redeterminations by 
1 ) h ~  sicists ant1 ineteorologists. The most doubtful constant of 
all is n. the coeficieiit of racliatioii 11s the air. According to 
RI:iurer, a aul)ic centinieter o f  air a t  0" and 7tiO"'" of pressure 
r:itliittes .007 x lo-' cals. per iiiiiiute, but  according to Trabcrt,, 
.0077 x lo--' cnls. Thus the radiation per hour of one grniu of 
air at  0" C'. toward a surface of absolute 0" teinperature is 
'3.S:) cals. Maurer fiiicls indicntioiis that  his coefficient is larger 
in suiiiiner ; m l  smnller in winter aiicl that the coefficieiit found 
f i J r  the air snturate;L nith moisture, or niixetl \\it11 dust. is 
larger than belongs to a piire, dry air. He further notes that 
siiiiilnr coiu1)utations based on o l ~ s e r ~  ations iunde a t  high bta- 
tions, St. Ueruard aiid Santis, give a coeficient about 16 per 
cent si i ial l t~.  On the otlier hnnil, Tr:tbert drams the con- 
clusitm from his observntioiis that the radiation of a unit mabs 
of air is siiiiply proportional to the a1,solnte teiiiper;ttiire and 
that the coefticient of atiuusplieric railintion is iiidepeuclent of 
tlie cleiibity of air. By reason of d l  these olmxvntions aiid COIII- 
1)iitittions, tliere arises n doubt whetlier the values o f  n, obtaiuecl 
by hlnurer nnil Trabert, represent the actual racliation coeffi- 
cient. Soiiie J ears ago, Prof. C:. C'. Hutchins, of Bowiloin C'ollege, 
atteiiipted t o  clgteriiiine this coeficient by experi1neiit:tl meth- 
oils. His xalue is 100 tiines larger than those of I h u r e r  aiid 
Trabert. I t  is eliclent that  Hutchins's \ d u e  is too large, and  
31:turer's ancl Traliert's wlues are too siiiitll. Pllaurer's coiu- 
putatioii tle1)ends upon tlie Newtoiii:tn law and considers aver- 
axe r:tdi:ttion duriiig cloudy. ah well as clear, nights. while the 
iiietallic. tulw in Hutcliiiis's experiments was o\ erheated and 
may lm\e given off an extra quantity of dust or o f  gaseous 
cuiiipouiicls. d l  of which tent1 to increase tlie radiation. Hutcli- 
ins's latest measures are given in the Aiiierican Journal of 
Science (4) ,  vol. lS, October. 1904. pp. 277-286. C'. C:. Hutch- 
iiis and J. c'. I'earsoii, " Air lhcliation. '' This memoir is 
reprinted iii the MONTHLY TVE:T11r:rt REVIEW for J d y ,  1904. 

According to IVil~l,~'  the diffusiiity t i ' '  of the earth, like 
black earth, s:tiiil, clay, etc., is of coiistant value 0.50 griii. 
ciii. 'iliiii., a t  the average temperxture 11" C ,  :tnd the concluc- 
tivity, X ' , imy be acce1)tecI as 0.3 appro\iwately. 

If we assiiiue that tlie earth's surface has a iiiaiinimn emis- 
sivity, we iuay be able to calculate its value from Stefan's 
result of eiperiiiieiits on tlie emissivity of a black  bod^^^. Ac- 
corcling to Stefan, the (lifterelice of the qiinntities of heat 
e i i i i t td  by a black surface of 1 sq. ciii. a t  1WJ0  C: and a t  0" C 
is approxiiiiately 1 calorie, or 

A [ (2'iY+lOO) 1' - (273)4] = 1 cal. 
whence 2 .7545 x 10 -10 = .725 x 10-10 

/" 

= ,7135 x i o  -1'1 x [ (273 + 1)'- 27311 
= .OM cal. per uiinute. 

The deptli of the invariable stratum 5' is 1 in., according to 
Wild. am1 a t  this depth the change is only one hundredth of 
one degree centigride during the clay. 

74  & *  TTrher die Coden t,eniperaturen in St. Petersburg und Nukuss." 

L * &  V;c.brr die Bexirhiing xwischru der Wlrn~estrahlung u .  die. Temper- 
1678-7!). 

atur." Sitxll. liyl. bkacl. \Vias. 1879. 
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Taking these constants as true, our transcendental equ a t' ion 
becomes 

K I  (0 C 18 x 1ooW tan (u = ___-- -__ 
f7'E'Y-U12#UY - (0.36 x 100* - 30 (0') 

60 OJ - -  - 
120 - 1I /  

Now in order to find the roots of this equation graphicnllg 
we put  

!/ =. tan c n  ( I / )  

and 
60 1lJ 

I I , )  
and construct two sets of curves tn l i i i i~  as ordiuateq ant1 11) :I< 
abscissas. Then tlie values of tlie a1,wissas of tlie iiitrrsect- 

i n s  points of curves will he the roots of tan (11 = 

The equation ( n )  is a well knom-u trnnsceiiclentnl ecluntioii. 
The second one presents a nen- curie, whose characteristic 
points are 

1/ = . 130 - (0 '  

( 3  1 :, I  

120 ~ ( I I -  

>) = 0 for (1) = 0.  
?/ = 0 f0r 0 a. 
i/ = for trlP = 120 or  t r ,  = 10.9,;. 

For inarimiiin or mini~iium points, 

whence 
120 + (2 = 0 

( 0  = \/-120. 
-__ 

Hence, we see that there is no iiiasiiii~iii or ~iiiiiiiiiiiiu. 
For y = tau ( t i  we compute t,lie following tnlble: 

cd In ra(7icrnn. In t i y 7 r .  Ttrn 1.1. 

;)(;) = .1571 

( 7 )  = .3141 
10 % 

go .1 5H4 

l s o  .3249 

Go 1 .0000 

(T) = .9424 540 1.3 7 64 
10 a 
1:)(;) = 1.0995 

= 1.35G4 r i ) o  I d  3.07 7 7 

60tu For y = ~- we compute the following vnliies: 
120 - ( I ?  

w ?/ 
1 0.50 
a 1.03 
3 1.62 
'4 2.30 
5 3.16 
G -1.80 

0 Y 61 !I 
14 - 11.05 28 -2.50 
I ( ;  - 7.60 30 -2.30 
1s - 5.30 40 -1.60 
go - 4.30 50 -1.26 

.33 - 3.62 60 -1.03 
24 - 3.15 100 -0.60 
26 - %SO 200 -0.30 

Plotting t,liese values. will give two sets of curves like those 
in t,he accoiiipanying clingrani, fig. 1. 

lS7 7 = 4.344 fnr (?I1 
12s 

Hence. 

The iiienniag of I ) ,  is already explained elsewhere, but as 
rrgnrcls its nature ant1 ~iiagnitutle, 11, gives rise to  n multitude 
of tluestions. Let us iinagiiie for a iiioinent that  an elemen- 
tary rolniiie of air is exposeecl iii tlie atmosphere to iioctiirnal 
mtliation. Then this yoluiiie will receive heat froin two dif- 
ferent sourceci, namely, froni interplnnetnry space and from 
the atmosl)here, if the racliation froin the earth's siirfnce is cut 
off. The sitlereal heat, wLLicIi iinnie we owe to Poisson, is the 
total heat which reaches the earth from all celestial bodies 
excepting the sun. This heat is called star heat by Hnugliton; 
teiiilwrnture of space, or ~~,eltmunistemperatlir, by Frblich. 
Fourier waq the first to show that it is necessary to take RC- 

cciuiit of tliis siclereal lieat in order to explain the phenomena 
of nocturnal rndintion, and to indicate in a general wag that 
tlie heat ouglit to be very little inferior to the temperatiires 
of the poles of the earth, and about SOo or (io" helow zero C. 
Poisson believed that this heat is higher thau that pointed 
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3 i  

out by Fourier and concluded that  it differs very little froin 
zero temperature and that  it has the same intensity in all 
directions, when i t  reaches the earth. On the other hand, 
Pouillet and Frijlich attempted to separate the constant eRect 
of the sidereal heat from the variable effect of the atmosphere; 
and Pouillet found the temperature of sidereal heat to lie 
-162' C., and Frijlich -131' C. from his St. Petersburg ob- 
servations. With respect to the heat emitted by the titmos- 
phere itself in the course of the night, it is the effect of the 
individual radiations of the concentric upper strata of the 
atmosphere. It depends, consequently, u1)on the tlistributioii 
of temperature in upper atmospheric reo' -ions. 

csllecl the zenithal temperature by Pouillet, the ~ k y  tempera- 
ture by Fcrrel, and himmelstemperatur by Frdich.  I prefer 
to  call i t  the temperature of the imaginary athermanous sur- 
face, and i t  is denoted by the notation (Ii throughout the 
present analysis. According t u  Haughton, the mean value of 
/Il is -108.16" F. l h l i c h ,  who has recently macle import,ant 
researches on the buliject, with greatly improved instruments, 
a t  St. Petersburg, lins obtniuecl a h n t  the smie value as that  
of Haughton. I t  is evident that  since the sidereal heat is 
constant, bu t  the heat eiiiitted by the atmosphere is variable, 
t>he temperature of the iniak:iiiary athermanous surface must 
experience some variation. l'ouillet's experiments with his 
actinometer during very beautiful, clear nights show that the 
temperature O, is lowered during the night, from tlie setting 
to the rising of the sun. This variation of [ I , ,  however, can not 
be very great,, as the temperature of the atmosphere by the 
upper regions is constant through all tlie seasons and all the 
night. L4ccording to Teissereiic cle Bort's observations in his 
551 balloon ascensions, the temperature gradient of tlie atmos- 
pliere becomes sinaller the higher we ascend, aiicl a t  last the 
temperature becollies constant throughout all the seasons 
at  tlie lieight of 8000 meters. Professor Wild observed that 
the daily oscillation of tlie teiiiperature becoiues simller as 
me go upward, and vanishes a t  the lieight of 30 meters. 
Hence i t  is clear that  that  p r t  of the atmospliere which mag 
be the cause of the variation of U ,  during the night is only a 
tliiii strittuin. Moreover, the eiiiissive power of the atmosphere 
is a very siiiall quantity, and so the variation of 0, in clear 
meather, i f  it exist a t  all, must be very siiidl. It is, however, 
highly important to determine tlie exact value of I), esperi- 
inentally or otherwise, and to investigate its variation and also 
the ratio or any other relation of the sidereal heat to the heat 
emitted by the upper atmosphere. 

If we know the physical constants fur ice, we can apply the 
formul:t* developed above to the btiicly of the nocturnal cool- 
ing of the atmosphere over ice surfaces, by replacing the co- 
efficients for the earth by those for ice. Or, if the  earth's 
surface is covered by a very thin layer of snow, we can deal 
with the problem by replacing only the emissivity for the 
earth's surface by that for snow. 

I n  the first paper, 
I have given a historical sunimary of observational work on 
the noct,urnal cooling of the atniospliere bg Wilson, Six, Wells, 
Pouillet, Melloni, and others; and then pointed out the errors 
itud weak points in the theories of the problem advanced by 
Lambert, Weilenuann, Haughton, Maurer, and Naliamura. I n  
the second paper. I have, by quoting from Maurer's, Helm- 
holtz's, rtnd Wells's work, shown how extremely small is the 
effect of heat conduction upon the nocturnal cooling of the 
atmosphere, and hare also shown that Maurer's estimation of 
the effect is too large and Helmholtz's is too small. Neglect- 
ing the eEect of heat colicluction, I have nom attempted to  
solve the problem by taking advantage of Weilenmann's and 
Rlaurer's clifferential equations, but have adopted a more legiti- 
mate assumption 8 s  regards the thermal relation between tlie 
atmosphere and the earth's surface, since Maurer's assumption 
is erroneous. I have thus obtained a new transcendental equa- 
tion. whose roots furnish new values for the solution of the 
differential equations. Then I have cliscussed the physical con- 
stants which come in the analysis and reduced my general 
formulw into numerical expressions by introtlucing the approxi- 
mate values of the physical constants. Finally, the meaning 
of ( I , ,  the imaginary athermanous surface, was explained and the 
iinportance of further research on its magnitude aiicl Tarintion 
was pointed out. 

As already esplainecl elsewhere, the problem of the noctur- 
nal cooling of the atmosphere is e\t,reinely coiilples and diff- 
cult for modern niathematical analysis. It appears to me that 
tlie phenomena of the atmospheric radiation may not yield to 

I n  aonclusion. a few words must be said. 
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analytical methods so long as the necessnry physical bases are 
lacking. Neither of the coefficients adopted above is abso- 
lutely reliable. Besides, in order to complete the solution of 
the problem and verify the results of mathematical analysis, 
we must have a t  hand the results of simultaneous nocturnal 
observations of the temperature of the atmosphere a t  dif- 
ferent heights (say, from 3: = 0 to .r = 30 meters) aiicl of the 
temperature of the earth's surface and the soil a t  different 
depths. We need accurate knowledge of the position of the 
strata of invariable temperature in the earth and in the atiaos- 
phere. As pointed out elsewhere, we must also know IUCW 

completely the magnitude and variation of the imaginary 
athermanous surface and of its functional relation to the 
sidereal lieat and the temperature uf the upper atmosphere. 
This paper does not pretend to contribute anything toward 
the final solution of the problem; but  in the present status of 
our knowledge of the subject, even an approxiinate anal) sis 
may yet prove of iinportance. This stitteinent is justified by 
Lord Rayleigh's introductory words in his iuemoir on the 
Vibrations of an Atmosphere: 26 

In order t l J  introduce greater preci+ion intu 011 
behavior of the earth's atmosphere, i t  seein< ad 
the problem5 that  present tlirinrelves, e\ en though the .;ean.h for sini- 
plicity may lead u s  to \tray rather far from the actual clue3tioii. 

I n  preparing the account of this research, I am indebted to 
many writers, from whose books and memoirs I freely quoted 
in order to support lily views on the subject. I mould es- 
pecially mention Dr. J. Maurer's iiiiportant memoirs, often 
mentioned previously. I take the advantage of this oppor- 
tunity to  express my gratitude for valuable criticisms and 
suggestions, to Prof. R. S. Woocl~~aril ,  now President of the 
Carnegie Institution, whose masterly command of mathe- 
matical analysis in physical inquiry ancl \\hose clear and lucid 
exposition have been the source of inspiration that led me to  
pursue the study of mathematical physics with great enthu- 
siasm; and to the Editor of the MVNTHLT WEATHER REVIEW, 
under whose kind direction I have been engaged in meteoro- 
logical research ancl mho proposed the present proldeindi for 
investigation. I have also to thank Prof. A. Graham Bell, of 
Washington, D. C., and Dr. L. A. Bauer, the Director of the 
Department of Terrestrial llagnetism of the C'arnegie Insti- 
tution, for their cordial assistance in mnny ways. 

THE INFLUENCE OF SMALL LAKES ON LOCAL 
TEMPERATURE CONDITIONS. 

By J ~ w E )  L. RARI'LCTT, Wserrer Weather Rure.iu. ILited .\pi i l  55, 19115. 

The city of Madison, Wis., is situated between Lakes Men- 
dota and Monona on a strip of land trending northeast ant1 
southwest and varying in width from one-half to  three- 
fourths of a mile. Since April, 1S88, meteorological observn- 
tions have been taken a t  Washburn Observatory, which is 
located a t  one end of t,his strip on a slight ridge overlooking 
Lake Mendota, the larger of the two lakes; the observatory is 
100 feet above ancl 600 feet distant from this lake. Besides the 
two lakes mentioned there are several smaller ones in the vicin- 
ity, SO that  within n radius of five miles from the observatory 
the surface is  about one-third water. It, woulcl therefore 
appear to be a very favorable location for observing any appre- 
ciable effects that the lakes may have upon the local air teiii- 
perature. 

To obtain nn ticcurate knowledge of these efiects it was 
found necessary to compare the \Yashburn Observatory tem- 
peratures with those of neighboring points which have no 
lakes in their vicinity. For  this purpose the records a t  the 
four cooperative observation stations nearest to &I ac I' ison were 
selected. These are Harvey, Portage, Beloit, and Dodgeville, 
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'6Phil. Mag., Feb., 1890. Abbe's Meclianius of the  Atinosphere, y. 289. 
*'The third and fourth papers on the subject will be published in a 

sulrsequent number of thsRIontIi1y Weather Itrview. 

located, respectively, to  the east, north, south, and west of 
Madison ancl within a radius of 46 miles from the last-named 
city. 

For periods of the same lengths and dates in each case 
for Madison and for the point under consideration the fol- 
lowing temljerature data for each calendar month were com- 
puted: mean, mean mnxiuuin, mean niiniiiiuin, ancl mean 
claily range. Corrections for the differences in the mean 
annual teniperatures of the various places were then applied. 
Thus, the mean annual temperature a t  Beloit \vas found to 
1)c 1.3" higher than that a t  Rladison for the period under 
consideration; this amount was therefore cleclucted from all 
of the Beloit data, except the mean claily range. The result- 
ing values were presumed to show the teiiiperature conditions 
which woulcl exist a t  iUacli~on were there no lakes in its vicin- 
ity. The dep:lrtures of the h td ison  temperature data from the 
corrected data of the other points were then computed and 
:ire plot,ted below. The departures are shown in degrees Fnhr- 
enheit and are positive ab01 e the zero line, negative below. 
The curres, reading downwarcl in each case, show the depar- 
tures, respectively, from the Hari-ey, Portage, Beloit, and 
Dodgeville data. 

The departure curves of fig. 1 show certain Kenera1 points of 
agreement. The mean maxiiuuni and iaenn claily range curves 
hare a negative departure, and the mean niinimiim a positive 
i1ep:ukure during nearly a11 the )ear in each case. The mean 
montlily curve has a general iiegatii e departure during the 
first fi\e months ancl a general positive departure the remain- 
der of the year. The mean uiiiiiniuiu reaches its extreme 
positive d e p r t u r e  in August in each case. I t  is believed that 
the irregularities of certain of the curves, particularly of those 
of the mean masiinuni, are clue to local peculiarities of the 
climate of the rarious points. Thus, Beloit ant1 Harvey are 
nearer to, and therefure their teniperatures are more under the 
influence of, Lake Michigan than is that, of illadison. Doclge- 
rille is more remote from the great lake and less affected by 
it. Portage is in the valley of the Wisconsin River, which 
doubtless has soiue influence upon local teuiperature condi- 
tions. To eliminate these irregularities as far as possible an 
average of the clepartures was plotted for each eleiaent of the 
temperature data, ancl this may now be considered. 

The nionthly mean departure curve (fig. 1, No. 10) shows 
quite clearly the slight influence which the lakes have in 
retarding the annual increase of temperature in tlie spring and 
its decrease in the fall. This seems to be manifested in the 
spring by a lowering of the iuaximurn or clay teniperatures, 
and in the fall chiefly by a raising of the uiniiuum or  night 
teinperatures. 

The influeuce of the lakes in preventing the occurrence of 
killing frosts late in the spring and early in the fa11 is quite 
inarked, a d  is indicated by the positive departure of the 
minimum curve from April to Octobcir. The average date of the 
last spring killing frost a t  Rlaclison is April 21; the average 
date for Harvey, which has nearly tlie same latitude as 
Maclison ancl is nearer Lake Michigan, during the past thirteen 
years has been over two weeks later. I n  the fall killing frosts 
occur in general two weeks earlier at  Harvey thaii at  illadison. 
It would thus appear that the growing season is considerably 
lengthened a t  Madison by the presence of the lakes. 

During Jan~iary  mil Febrnary the lakes are almost invnri- 
ably thickly coated with ice, aiicl presuniably the local espos- 
lire then becomes purely continental. That the frozen lakes 
do exert some control upon the temperature of the overlying 
air is shonn by tlie fact that the range of temperature at  
Rladison during these months still averages over two degrees 
less than a t  points away from the lakes. Also tlie iuoiithly 
mean is slightly below the assumed lnirely continental type a t  
this time, bu t  i t  is possible that this should uot be the case. 
It seems more reasonalde to believe that the whole mean 


